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We consider a recently proposed non-minimal matter coupling in massive gravity and multi¬ 
gravity. We argue that, when formulated in terms of unconstrained vielbeins, this matter coupling 
contains the primary constraints necessary to remove the Boulware-Deser ghost to all orders away 
from the decoupling limit. 


I. INTRODUCTION AND SUMMARY 

Recent years have seen great progress in constructing 
and understanding effective field theories of massive grav¬ 
ity [1-3] and its close cousins bi-gravity [4] and multi¬ 
gravity [5] (see [6, 7] for reviews). Part of this quest has 
been to determine if, beyond the mass terms of de Rham, 
Gabadadze and Tolley (dRGT) [2], there are other inter¬ 
actions in these theories that are free of the instability 
known as the Boulware-Deser ghost [8]. In particular, 
there has been interest in non-minimal couplings to mat¬ 
ter [9-25], 

In [11], a coupling to matter using more than one met¬ 
ric was introduced. It was argued that, although there 
is a phenomenologically interesting regime of validity for 
which the ghost is absent, this matter coupling causes 
the reappearance of the Boulware-Deser ghost above the 
strong coupling scale of the theory. In this work we con¬ 
sider an analogous matter coupling expressed in terms of 
unconstrained vielbeins rather than metrics. We argue 
that this version of the matter coupling preserves the pri¬ 
mary constraint necessary to remove the Boulware-Deser 
ghost, to all orders beyond the decoupling limit. In the 
presence of the matter coupling, the unconstrained viel- 
bein formulation is not equivalent to the metric formu¬ 
lation, so there is no potential discrepancy between our 
results and those of [11]. 

II. NON-CANONICAL MATTER COUPLING 

Consider the ghost-free bi-gravity theory of [4] written 
in terms of two vielbeins e A and e A as in [5]. In D 
dimensions, the theory includes an Einstein-Hilbert term 
for each vielbein, 

e A 1 .A D R MM A^A-Ae AD , 
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where R AB and R AB are the curvature two-forms cor¬ 
responding to e A and e A respectively. In addition, the 
ghost-free bi-gravity theory contains a linear combination 
of D + 1 non-derivative terms [2-5] , 

tAi - An e Al A ■ ■ ■ A e An A e An+1 A ■ ■ ■ A e A °, (1) 

for n = 0,1, - - - ,D. This first and last of these are cos¬ 
mological constants, while the others induce genuine in¬ 
teractions among the vielbeins. 


Let us couple this theory to some scalar matter sector 
that does not contain higher derivative terms. In par¬ 
ticular, let us consider minimal coupling to a composite 
vielbein e, A that is a function of the two vielbeins e, A 
and e A . Diffeomorphism invariance of the matter ac¬ 
tion ensures that the matter Hamiltonian is linear in the 
effective lapse and shift variables, 

Rmatter = NC + N% , (2) 


with some C,Cj depending on the matter fields, their 
canonical momenta and the spatial metric variables. 

If the Hamiltonian is also linear in the original lapse 
and shift variables N, N l , N and N l , then we can apply 
the arguments of [5] , and conclude that this matter cou¬ 
pling, when taken together with the bi-gravity theory in 
terms of e A and e A , will preserve the primary constraint 
necessary to remove the Boulware-Deser ghost. 

Here we argue that this is the case if the effective viel¬ 
bein is a linear combination of the two other vielbeins, 

e A =e A + a e A . (3) 

Here a is a free constant parameter and we have, without 
loss of generality, set the coefficient of e A in the linear 
combination to unity by a re-scaling. Such a coupling 
was introduced in [11] and studied in the metric lan¬ 
guage. The equivalent formulation in terms of vielbeins 
was introduced in [12]. 

For the unconstrained vielbein, we adopt a boosted 
ADM [26, 27] decomposition, following [5]: 
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Here, N, N % , N and N l are the usual lapse and shift 
for e A and e A respectively. The variables e° and e ?: “ 
are the degrees of freedom associated with the spatial 
component of the vielbeins. v a represents the parameter 
associated with a Lorentz boost and 7 = -y/1 + v a v a . We 
have used the overall Lorentz invariance of the bi-gravity 
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theory to set v a = 0. For the composite vielbein, we 
write 


A ( Nj + N% a v a Nv a + TV % b (8 b a + ^65“) \ 
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( 6) 

From (3), we can read off four equations that determine 
TV, TV 1 , ef and v a : 

Va = Va i 

e-i ^ 4 “ + = e i b a + , 

TVy + N% a v a = TV 7 + N l ei a v a + a TV, 

Nv a + N% b (s b a + = 

Nv a + WV (s b a + i> 6 i; a ) + a We* . (7) 


The key point is that the first two equations of (7) are 
entirely independent of the lapse and shift variables, and 
the second two are linear in the lapse and shift variables. 
The first two can be solved for e° and v a and the result 
will depend only on e f °, e"' and v a . Plugging the solu¬ 
tion into the second two and solving for TV and TV*, the 
solutions for TV and TV* will be linear in TV, TV*, TV and 
TV*, as desired. 

Following [5] , we can use the TV* equation of motion to 
eliminate the boost parameter v a and get an action that 
remains linear in TV, TV* and TV. TV, TV 1 then enforce the 
first class primary constraints of overall diffeomorphism 
invariance, and TV enforces the extra primary constraint 
that eliminates the ghost. 

In D = 2 we can be more explicit. The zweibeins are 
parametrized as 
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Equations (7) become 
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ev = ev , 

e y/\ + v 2 = e \/l + v 2 + a e , 

TV\/l + v 2 + TV 1 ev = N \/1 + v 2 + TV 1 ev + aN , 

TV v + TV 1 e \J \ + v 2 = TV v + TV 1 e y/l + v 2 + aN x e. 

(9) 

Solving the first two of (9), e and v are independent of 
all lapses and shifts: 


e = \J e 2 + a 2 e 2 + 2aee\Zl+'v ^, 
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Using this in the final two expressions of (9), we have 


TV = 
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Thus the lapse and shift of the composite zweibein re¬ 
main linear in the lapses and shifts of the two origi¬ 
nal vielbeins. Indeed, in D = 2 dimensions the argu¬ 
ment for ghost-freedom is ultimately trivial since the non- 
canonical mater coupling can always be field-redefined 
away without affecting the structure of the Einstein- 
Hilbert kinetic terms or the ghost-free mass terms. 

For dimensions greater than two, the system of 
equations (7) can be solved when the matrix = 

e b (fi b a + ^iVbV a ^ + ae is invertible. Then, the lin¬ 
earity in the lapse and shift variables will guarantee a 
primary constraint that is necessary to eliminate the 
Boulware-Deser ghost to all orders. The existence of 
an associated secondary constraint must also be demon¬ 
strated for these theories to be consistent at all scales. 


III. VIELBEINS VS METRICS 

Our conclusion is not inconsistent with the claims 
of [ 11 ], in which the metric formulation was assumed. 
This is because the non-canonical matter coupling breaks 
the usual equivalence between the vielbein and metric 
formulations that allows one to make the replacement 
e_1 e -t Vir 1 g. In other words, massive gravity theo¬ 
ries and bigravity theories with Einstein-Hilbert kinetic 
terms expressed in terms of vielbeins possess an on-shell 
constraint of the form 

9U B dU B f ^ 

foA » VBC = Ttef 6 * 1 TlBA ’ (13) 

where U is the part of the Lagrangian that contains no 
derivatives on the the vielbein (see, e.g., [5]). This con¬ 
straint is due to the overall Lorentz invariance of the ki¬ 
netic terms and is responsible (in D = 4) for removing the 
six spurious components of the vielbein. For dRGT mas¬ 
sive gravity theories and for the related bigravity theories 
with canonical matter couplings, this constraint equation 
can be solved by imposing the following condition on the 
vielbein: 


e [ Ae u] Vab = 0 . (14) 

This condition can then be used to show that 

elJ Ae. x A e X Bef = g l,x gxv , (15) 

where g = e A e v B gAB and g = e A e B gAB■ Thus 
one can pass easily between the vielbein and metric for¬ 
mulations by making the replacement 

e V/ \/~9~ r 9 v ■ 


V = 
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(16) 
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In the presence of the non-canonical matter coupling, 
one still has the constraint equation (13). However, (14) 
will no longer be a solution. This is because the non¬ 
derivative part of the Lagrangian U will now contain 
matter fields. Thus the solution to the constraint is dy¬ 
namically modified in the presence of the double matter 
coupling, and therefore the equivalent metric formulation 
will be quite complicated and different from that of [11]. 

Said another way, to pass from the vielbein to the met¬ 
ric formulation, in the case with no matter coupling or 
with canonical matter coupling, we can parametrize the 
vielbein as a Lorentz boost times a symmetric vielbein 
(14) . The Lorentz boost parameters then appear with¬ 
out derivatives, and in such a way that they are set to 
zero by their own equations of motion (see [5, 28] for 
more details). In particular, the Lorentz boost parame¬ 
ters do not appear in the canonical matter coupling, since 
it is locally Lorentz invariant under each of the two local 
Lorentz transformations. In the case of doubly coupled 
matter, the matter coupling is no longer invariant under 
both local Lorentz rotations - only the overall one - so 
the Lorentz boost parameters appear in the matter sec¬ 
tor, and the solution to their equations of motion can 
involve the matter fields. 

Thus, the unconstrained vielbein formulation and the 
metric formulation of [11] are different theories. We 
argue that only the unconstrained vielbein theory, in 
which the symmetrization constraint is determined dy¬ 
namically, contains the primary constraints necessary for 
the theory to be ghost-free. Choosing to impose the usual 
symmetrization constraint, as in e.g. [13, 15], rather 
than letting it be determined dynamically in the pres¬ 
ence of matter, results in a theory which is equivalent 
to the ghostly metric formulation of [11]. Note, how¬ 
ever, that because the ghost in the metric formulation 
appears above the strong coupling scale of the effective 
theory, this formulation is also acceptable if one takes 
the strong-coupling scale to be the cutoff at which new 
physics enters. It is only if we allow for the possibility 
that the strong coupling scale is not a new-physics cutoff 
and that the vielbein description has a strongly-coupled 
range of validity above the mass of the would-be ghost of 
the metric formulation that the difference plays a role 1 . 

We note also that the constraint equation (13) may 
have more than one branch of solutions. Which branch 
of solutions one picks can affect whether or not there 
are valid secondary constraints that fully remove the 
Boulware-Deser ghost. In other words, while all theo¬ 
ries of this form contain the primary constraints, not all 
branches of solutions to (13) will necessarily be ghost- 
free. 


IV. GENERALIZATIONS 

We have focused on the bi-gravity case, but our argu¬ 
ments go through in massive gravity as well, for which 
the second metric is frozen to some fiducial metric. In 
addition, it is straightforward to extend our argument to 
matter couplings in theories of many interacting spin-2 
fields ■ Such generalizations were also considered in 
[12]. The effective vielbein is given by the linear combi¬ 
nation 

e t = E Q « e /dB- ( 17 ) 

/ 

The lapse and shift of the composite vielbein defined in 
this way will be linear in the lapses and shifts of the 
constituent vielbeins. 

V. OUTLOOK 

We have seen that, in the unconstrained vielbein for¬ 
mulation, bi-gravity and multi-gravity theories with mat¬ 
ter multiply coupled to a linear combination of the var¬ 
ious vielbeins have the primary constraint which is nec¬ 
essary to remove the Boulware-Deser ghost to all orders. 
Because these couplings are not dynamically equivalent 
to the analogous couplings in the metric formulation, 
their cosmological and solar system phenomenology may 
be different and interesting to study. 

This work demonstrates only the existence of primary 
constraints. In order for the matter couplings considered 
here to be truly ghost-free to all orders, it must be demon¬ 
strated that they contain the appropriate secondary con¬ 
straints as well. Recent work that has appeared since 
the initial posting of this paper suggests that, in fact, 
this is not the case [29, 30]. Nevertheless, it has been 
emphasized that, while these new couplings may not be 
ghost-free at all energy scales, they remain viable below 
the cut-off of an effective theory. 
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